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Final Report AFOSR Grant 85-0303

Computational Methods for Problems in Aerodynamics
Using Parallel and Vector Architecture

David Gottlieb
Division of Applied Math, Brown University

" High order accurate methods for Shock-Turbulence interac-
tions.

" The Bluff-Body Wake

" Numerical Boundary Conditions for Spectral and Finite Dif-
ference Methods.

" Parallel Spectral Methods for Incompressible and Compress-
ible Flows.

" Efficient Implementation of Spectral Methods.

• Various Topics



High Order Methods for Shock-Turbulence Interactions

OBJECTIVE

* To design a computer code capable of simulating interactions between
complicated flows and shock waves.

METHODOLOGY

P To adapt Spectral Methods to discontinuous problems.

Background
The crucial role of high order accuracy computational methods for the nu-

merical simulation of complicated flows has been widely recognized by the scien-
tific community. In fact most of the computational turbulence simulations em-
ploy spectral methods as the building block of the numerical technique. Spectral
methods, being highly accurate, offer substantial savings in computer resources
(memory and cpu time), since even delicate features of the simulated flow can
be captured with minimal number of grid points.

Spectral methods are based on the global expansions of the unknowns in
term of Fourier series or Chebyshev polynomials. These expansions converge
exponentially fast for smooth functions, but the rate of convergence deteriorates
in the presence of discontinuities (e.g. shock waves). This phenomenon (known
as the Gibbs phenomenon) was found in the beginning of this century and seems
to rule out the possibility of applying spectral methods to shocked flows.

Under the above grant we had explored ideas to overcome this fundamental
difficulty, both from the theoretical point of view and from the practical one.
The goal was and still is to design a spectral code that handles shocks well
without loss of the spectral accuracy.

Achievements

1. We have shown that it is possible to completely overcome the Gibbs phe-
nomenon from the approximation (or signal processing) point of view. Math-
ematically, the result can stated as follows : "Given the first N Fourier coeffi-
cients of a piecewise smooth function (signal) then it is possible to reconstruct
the function (signal) such that
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a) The approximation is non-oscillatory.

b) The rate of c -nvergence in the smooth regions of the function is spectral."

The main theoretical breakthrough has been the observation that the Gibbs
phenomenon does not apply to moments of the approximated function. These
moments are obtained with high accuracy. The only remaining difficulty is
the accurate reconstruction of a given function from its moments. We have
suggested and tested several different methods. Also some very promising new
ideas in this direction are being developed. Computationally the above ideas
are carried out as low-pass filters.

2. We have proved that when a discontinuous signal is being evolved in
time by a linear system of hyperbolic equations the moments are obtained with
spectral accuracy. We have demonstrated theoretically as well as computa-
tionally that for linear problems one can achieve spectral accuracy even for
discontinuous problems.

3. We have developed an essentially non-oscillatory spectral method for the
numerical simulations of non-linear equations (such as the Euler equaticns of
gas-dynamics).

The method is based on the theoretical achievements reported in 1. and 2.,
the discontinuity is automatically detected and subtracted and a low-pass filter
retrieves the spectrally accurate solutions away from the shock. The method
has been successfully applied to shock-density wave interactions and is currently
being applied to shock-vortex interactions.

A slightly different version of this code is being applied now to the studies
of compressible effects in homogeneous turbulence,

4. We have developed Cell Averages techniques for Fourier and Chebyshev
Spectral methods. This technique is crucial for modern shock capturing tech-
niques.

3

MOMM O -R



The research is summarized in two papers (enclosed) and a Ph.D. thesis

[1] "Essentially Nonoscillatory Spectral Fourier Methods for Shock wave Cal-
culations" by W. Cai, D. Gottlieb and C.W. Shu, Math. Comp. 1989, pp.
389-410.

[2] "Cell Averaging Chebyshev Methods for Hyperbolic Problems" by W. Cai,
D. Gottlieb and A. Harten, 1989 (to appear).

[3] "Spectral Methods for Shock Wave Calculations" W. Cai, Ph.D. thesis,
Brown University 1989.

Other papers related to this projects will be mentioned in other sections.
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The Bluff Body Wake

OBJECTIVE

* To design a code that will be able to simulate compressible flows past
circular cylinder for a wide range of Reynolds and Mach numbers.

Background

One of the ambitions of fluid dynamicists has been to start with a steady
laminar flow and to observe transition to turbulence by increasing the flow
Reynolds number gradually.

We feel that such an experimental program should have a computational
counterpart. Experiments and computations are complementary, since some
features of the flow can be obtained easier in experiments and others are more
readily available in computations. Also the wind tunnel and the computer code
can verify each other's results.

Based )n this belief we have developed a two dimensional computer code
with the following characteristics

- The full time dependent compressib!e viscous Navier-Stokes equations are
discretized.

- The code is fully spectral in all space dimensions, using Fourier colloca-
tion in the azimuthal direction and Chebyshev collocation in the radial
direction.

- The code is fully vertorized.

- The code has an adaptive grid capability.

- The boundary conditions are applied in a way that insure not only stability
but also the elimination of spurious frequencies.

Achievements

a Thc numerical results settled a controversy between experimentalists by
demonstrating that no secondary frequency besides the primary vortex
shedding frequency can be created in open systems for Reynolds number
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less than 160. The controveisy stemmed from the fact that some exper-
iments bad observed a secondary frequency while other experiments did
not detect such a frequency. Our numerical results indicated that the
source of the secondary frequency is the wind tunnel wall.

" The boundary procedure developed for outer computational boundary has
been applied to a variety of finite difference codes and helped in eliminat-
ing spurious frequencies.

* Vortex shedding frequency predicted by the spectral code agrees very well
with experimental data for Reynolds number up to 500 using a fixed num-
ber of collocation points.

" The code serves as a tool of checking issues that cannot be answered easily
by experiment, such as the critical Reynolds number for vortex shedding
or the importance of the actual body to the transition to turbulence.

The results of the above research are summarized in the following two papers
and a Ph.D. thesis.

4 ] "Spectral Simulations of an Unsteady Compressille Flow Past a Circular
Cylinder" by W.S. Don and D. Gottlieb, Computer Methods in Applied
Mechanics and Engineering 78, 1990 (to appear).

5 5 "Secondary Frequencies in The Wake of a Circular Cylinder with Vortex
Shedding" by S.S. Abarbanel, W.S. Don, 1). Gottlieb, and D. Rudy, J.
Fluid Mech. (to appear).

6 J "Theory and Application of Spectral Methods for the Unsteady Viscous
Compressible Wake Flow Past a Two-Dimensional Circular Cylinder" by
W.S. Don, Ph.D. thesis, Brown University 1989.
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Numerical Boundary Conditions

for Spectral and Finite Difference Methods

Background

The importance of the numerical treatment of the boundary conditions (1BW)
in the simulation of hyperbolic partial differential equations has been well rec-
ognized by practitioners as well as theoretical computational scientists. An
extensive literature exists for finite difference methods, and a complee stabilitv
theory had been developed in the early seventies.

Achieverments

The need for such a theory for spectral methods had been felt in the last
decade. This theory was provided under this grant.. Spectral methods are very
sensitive to boundary treatments even more than finite difference schemes, and
I here are only very limited number of ways to implement correctly the boundary
conditions.

The stability theory developed for finite diffi 'ence schemes has been often
ignored in the application. We have shown that incorrect implementation of
BC can lead to stable but spurious results and gave a procedure such that those
spurious frequencies disappear.

\Ve also showed the importance of the intcrinediate boundary conditions, in
particular we showed that an incorrect implementation of the intermediate B(
led to restrictions on the allowable time step.

The research on spectral methods is summarized in the following papers.

7 ] "Stability Analysis of Intermediate Boundary Conditions in Approximate
Factorization Schemes" by J.C. South, M.M. Ilafez and 1). Gottlieb, Appi.
Numer. Math. 2 1986, pp. 181-192.

8 ] "Convergence of Spectral Methods for Hyperbolic Initial-B1oundary Value
Systems" by D. Gottlieb, L. Lustman and E. Tadmor, SIAM .1. Numer.
Anal. 24 no. 3 1987.

[9 J "A new Method of Imposing Boundary Conditions in Pseudospectral Ap-
proximations of Hyperbolic Equations" by D. Funaro and D. Gottlieb,
Math. Comput. 1990.
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10 " Convecrgence Restiks for I'Secudospectral Approximations of HypIerbolic
Systems by a Penalty Boundary Treatment" by D. Etinaro and D). Got tlieb

Ma. C(omplut. (to appear).



Parallel S1pectral Methods

OBJECTIVE

eTo apply Spectral Met hods to Incomrpressible and Compressible Flows,

- s'ig Parallel Computers.

Background
Spectral mnethods are standard methods in large scale computing. Thie main

at trac-tive featuire of these methods is their high accuiracy, stemiming from the
fact t hat, the miet hods uise global expansions.

lDonia~n dlecomiposit ion mnet hods, in which the computational (donmain is (Ii-
vided into simple siib-doi-ns, scem to be tLe ideal way to go about lparallelizing
he spect ra] met hods. In each of these elements thle classical spect ral met hod

is applliedl. The way that the interface boundary condlitions are applied is of
course crucial.

Ihle stmrictiire of the (domnain decomposition spectral methods makes it verY
attractive in parallel environments since each subdem1ain canl be assigned to a
dIifferent pro :essor.

Achievements

" Bernardi aiid Nladay showed how to treat several suibdomlains when (IF
ferent d-gree of thli polyinomials are used in the dhifferent suibdomains.

" Muinoz and Vaday analyzed niiitigrid algorit hum for tilie spectral ele-
ment met0hods which are domain di(ecomrposi tion met hods for iiicorv lpress-
We)I flows.

" Firiaro analvzedl the nid~t~idoiiiaiii app)roach for secondl-ordler equiat ions
an(l classified the interface boundary condlit ions.

* Gottlieb and lHirsh discuissed ways to minimize the cominiinica' oii timie
hA% cen processors in) using domain decomposition spectral met hods with
pari1 cmpiters. They showed that judiciouis choice of interface bound-
ary condlitiofls can completely decouiple a given p~roblem to several suib-
problern,.



The following publications reports on the results presented above.

[11] "Approximation Results for Spectral Methods with Domain Decomposi-
tion" by C. Bernardi and I. Maday (to appear).

(12 ] "Spectral Element Multigrid" by I. Maday and R. Munoz, J. Sci. Comput.
3 no. 4 1988, pp 323-353.

[13 ] "Domain Decomposition Methods fo Pseudospectral Approximations" by
D. Funaro (to appear).

1.1 " Parallel Pseudospectral Domain Decomposition Techniques" by D. Got-
tlieb and 11. lirsh, J. Sci. Comput. 4 no. 4 1989.
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Efficient Implementation of Spectral Methods

OBJECTIVE

T ro overcome difficulties resulting from the grid distribution of Chebyshev
methods.

Background
Chebyshev methods are based on collocating the equation at the extrema of

the Nth order Chebyshev polynomial. Those points are not evenly distributed,
they are crowded in the neighborhood of the boundaries.

This fact may create difficulties when solving time dependent problems in-
volving changes that occur in the middle of the domain. In particular the
distribution of the grid points causes a severe restriction on the stable time
step. Also many problems require denser mesh in the interior of the domain
rather than at the boundaries.

A substantial progress has been made in overcoming these difficulties.

Achievements

" Gottlieb and Bayliss have developed an adaptive procedure, based on min-
imizing new error functionals. They applied it successfully on various
combustion problems in one and two dimensions. Adaptive methods that
did not use the above functionals failed.

" Tal-Ezer introduced a new set of interpolating points and greatly improved
the allowable time steps. Since publication of this work the method has
been tried successfully on many real life problems.

" Tal-Ezer found the optimal way to evaluate f(A) where A is a matrix re-
sultiog from some spectral approximation of an operator (like the deriva-
tive operator).

The following papers summarize the research in this topic

[15] "An adaptive Pseudospectral Method for Reaction Diffusion Problems"
by Bayliss, Gottlieb, Matkowski and Minkoff, J. Comput. Phys. 81 no.
2 1989, pp 421-443.
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[16 J "Polynomial Approximation of Functions of Matrices and Applications"
by H. Tal-Ezer, J. Sci. Comput. 4 no. 1 1989.

[17 "Modified Chebyshev Pseudospectral Method with O(N - ') Time Step

Restriction" by D. Kosloff and It. Tal-Ezer, J. Comput. Phys. (to appear).
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Multiple Steady States

Achievements

We have analyzed the steady isentropic flow in a dual-throat nozzle with
equal areas. It is known that the flow between the throats can be either com-
pletely subsonic or supersonic depending on the initial state of the flow and
the path taken to reach the steady state. We have provided a complete anal-
ysis explaining mathematically the above phenomenon. We showed that the
non-uniqueness aspect of the steady state is a by-product of the fact that the
boundary conditions for the evolution equation are prescribed along character-
istic curves.

The following publication summarizes the above results

[18 ] "Multiple Steady States for Characteristic Initial Value Problems" by S.S.
Abarbanel and D. Gottlieb, Appl. Numer. Math. 2 1986, pp. 193-210.
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Various Topics

The following research topics had been investigated and reports were pub-
lished in the literature.

[19 ] "Splitting Methods for Low Mach Number Euler and Navier-Stokes Equa-
tions" by Abarbanel, Dutt and Gottlieb, Computer and Fluids.

In this paper we pointed out shortcomings of proposed splitting techniques
and suggested an explanation for their inadequacy. A symmetric splitting
is developed and shown to be stable.

[20 J "Spectral Methods for the Approximation of Fourth Order Problems" by
Bernardi and Maday (to appear).

Discusses spectral methods for the bi-harmonic equation.

[21] "Computing with Spectral Matrices" by Funaro (to appear in Calcolo).

The paper presents various numerical techniques to invert the pseudospec-
tral derivative matrix.

[22] "Microphone Array Optimization by Stochastic Region Contraction" by
Berger and Silverman, (to appear).

This work is concerned with optimal microphone placement and gain for a
linear one dimensional array. A Power Spectral Dispersion function is used
as a core element for a min-max objective function. A new method (SRC)
is proposed that achieves a computational speed up of 30-50 compares to
the simulated annealing method. SRC is shown to be ideally suited for
coarse grain parallel processing.

[23 ] "On Non-Smooth Beam Shapes for Maximal Transverse Natural Frequen-
cies" by Berger and Porat, J. Sound and Vibration 132 (3) 1989, pp.
423-432.

The optimal shape of an Euler Beam subject to space constraints is stud-
ied. Three previously unknown solutions are found and verified numeri-
cally.
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